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Abstract

Given a finite set of points in three dimensional Eu-
clidean space ��, the subset that forms its surface could be
different when observed in different levels of details. In this
paper, we introduce a notion called �-surface. We present
an algorithm that extracts the �-surface from a finite set of
points in ��. We apply the algorithm to extracting the �-
surfaces of proteins and discover patterns from these sur-
face structures, using the pattern discovery algorithm we
developed earlier. We then use these patterns to classify the
proteins. Experimental results show the good performance
of the proposed approach.

1. Introduction

Protein classification is a very important research topic
with deep implications [1, 2, 3]. Traditionally, proteins
are classified according to their functions. However, re-
cently, many approaches have been proposed to classify
proteins according to their structures, e.g. sequences [3],
secondary structures [3], and three dimensional structures
[6]. In [5, 6], we developed an algorithm that discovers fre-
quently occurring patterns in a set of 3D graphs. We applied
the algorithm to protein classification. While we succeeded
in classifying two families of proteins with high recall and
precision, experimental results showed that it was difficult
to extend the approach to classifying more than two families
of proteins. One reason is that proteins are large molecules,
typically with several hundreds or even thousands of atoms.
Many of the substructures that occur frequently in multiple
proteins are not specifically related to their functions.

Significant studies have shown that the structure of the
surface of a protein relates more to the function of the pro-
tein. In this paper, we define �-surface of a finite set of
points in �� and present an algorithm for extracting �-
surfaces from finite point sets. We apply the algorithm
to extracting �-surfaces of proteins. We then employ the

pattern discovery algorithm that we developed earlier to
find frequently occurring patterns on the �-surfaces and use
these patterns to classify the proteins. The rest of the paper
is organized as follows: In Section 2, we define �-surface.
In Section 3, we describe the surface extracting algorithm.
Section 4 discusses how the surface extracting algorithm
and the pattern discovery algorithm are applied to protein
classification. Section 5 presents some experimental results.
We conclude the paper in Section 6.

2. �-Surfaces

Definition 2.1 Given a point � in �� and a real number �
�� � � � ��, an �-ball is the set of points ������ �
�� �� � �� �	
 ��� � ��� � ��, where ��� � ��� is
the Euclidean distance between � and �. A closed �-ball
������ is the �-ball������ plus its bounding sphere, i.e.
������ � �� �� � �� �	
 ��� ���� � ��.
Definition 2.2 Given a finite set� of points in�� and a real
number � �� � � ���, the �-surface 	 of � is defined as
	 � �� �� � � �	
 �
� � �� ��
� ���� �������� �
� �	
 � � ��������. When ������ � � � � and
� � ������ � �, we say that �-ball ������ touches � .
� � 	 is called a surface point with respect to � �simply a
surface point when the context is clear�.

Fig. 1 illustrates the notion in ��.

Figure 1. An �-surface in ��.



The definition of �-surfaces is general. In the context
of mining protein data, we need some adjustment. First of
all, the surface of a protein is important to its function, be-
cause a protein reacts to its surrounding through its surface.
Thus we are not concerned with those parts of �-surfaces
that are not visible, namely those surface points that are en-
closed inside the proteins. Secondly, when � is small, the
�-surface of� could be split to two pieces. A protein is one
molecule. Its surface should be in one piece. We specify the
adjustment in the following definition.
Definition 2.3 Let � �� � � ��� be a real number and 	
be the �-surface of a finite set �. 	 is connected, if for any
two surface points ��� �� � 	 there are a finite number of
�-balls: ����� ��, ����� ��, ..., ����� ��, such that:

(i) ����� �� � � � � �� � � � 	�.

(ii) ����� �� � ������� �� � 	 
� � �� � � � 	� ��.

(iii) �� � ����� �� and �� � ����� ��.

Notice that, (ii) requires two contiguous �-balls to touch
at least one common surface point. Imagine that the �-ball
is solid, so are the points in �, and we roll the �-ball along
the surface of �. Intuitively, if an �-surface is connected,
we can roll an �-ball from one surface point to another
along the surface.

3. Extracting �-Surfaces

Starting from the point �� with the maximum �-
coordinate in �, the surface extracting algorithm rolls the
�-ball to any surface point that can be touched in a breadth
first manner. Obviously, �� is a surface point with respect
to any �. Since the radius of the �-ball is fixed, the position
of the �-ball is determined uniquely by the center. Thus
rolling the �-ball means that given the current center of the
�-ball � determine a new center � �, such that the �-ball
touches the next surface point. In ��, this is an easy task,
since there are only two directions to roll the �-ball. In � �,
however, determining the new center � � becomes a com-
plicate problem. The difficulty comes from choosing the
rolling direction. If we fixed the �-ball at one surface point,
there are infinite directions in which we can roll the �-ball.
We discuss three primitive ways of rolling the �-ball from
the current position to the next surface point.
Case 1. Rolling from ��: The first case occurs only once
at the beginning, i.e. when the �-ball touches a single point
��. Notice that the next surface point is within distance
2� of �� (see Fig. 2). For each neighboring point � , we
utilize the plane that is determined by �, ��, and � to fix
the rolling direction and pick up the next surface point to
be the point that the �-ball can touch by rolling the smallest
angle, e.g. �� in Fig. 2.
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Figure 2. Rolling from ��.

Case 2. Rolling side by side: In the second case, the �-ball
touches at least two surface points. To determine the rolling
direction, we pick up two of these points to be the current
surface points. If we fixed the �-ball at both surface points,
there are only two directions to roll the �-ball. In Fig. 3,
suppose the �-ball currently touches �� and ��, and �� is
the point in middle of �� and ��. The next surface point
is the point that the �-ball can touch by rolling the smallest
angle from the plane determined by ��, ��, and �, namely
� ����

� is smallest.
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Figure 3. Rolling side by side.

Case 3. Rolling away from one end: Rolling side by side
does not guarantee to find all surface points that are within
the neighbor of the current surface point, e.g. when the
neighboring surface point is collinear with the two current
surface points. In such cases we need to roll the �-ball away
from one of the two current surface points. This is similar
to the first case (Rolling from ��).

The surface extracting algorithm maintains a queue �
which holds a subset of the �-surface 	 that are under ex-
pansion. The basic rolling procedure of the algorithm rolls
the �-ball around one surface point in �, so that all its
neighboring points in 	 will be touched at least once by the
�-ball. These neighbors are added to �. Fig. 4 illustrates
the procedure.
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Figure 4. Rolling around one point.



Since the neighboring surface points are within distance
2� of the current surface point, to speed up the process, we
partition � at the very beginning. Let ���� (����) be the
minimum (maximum) � coordinate of all the points in �,
respectively. Let ��, ��, ..., �� be defined as the following:

(i) �� � ����,

(ii) ���� � �� � �� �� � � � 	� ��, and

(iii) ���� � ���� � ��.

We cut the range ������ ����	 to segments ���� ����� �� �
� � 	 � �� with length 2�. Similarly, let ���� (����) be
the minimum (maximum) � coordinate and ���� (����) be
the minimum (maximum) � coordinate, respectively. We
cut the ranges ������ ����	 and ������ ����	 to segments
with length 2�. Each partition ������	 is a cube ������	 �
���� �� ����� � � � ����� �� � � � ����� �	
 �	 �
� � �	���. For any given point � � ��� �� �� � �, let � �
�������

�

�, � � � ������

�

�, and � � � ������

�

�. � belongs

to partition������	 and the points that are within distance 2�
of � are all located in the 27 partitions surrounding �� ����	.

Assuming that the points in � are evenly distributed, the

complexity of the surface extracting algorithm is �� ����



�,

where ��� is the size of � and � � � ���������
�


� �

����������
�


� � � ���������
�


� is the total number of parti-
tions.

4. Classifying Proteins

To evaluate the performance of the surface extracting al-
gorithm, we applied it to classifying three families of pro-
teins. We classified the proteins using the 10-way cross-
validation scheme. That is, each family was divided into
10 groups of roughly equal size. Ten tests were conducted.
In each test, a group was taken from a family and used as
test data; the other nine groups were used as training data
for that family. We first utilized the surface extracting al-
gorithm to find the surfaces of the proteins in the training
data. We then employed the pattern discovery algorithm we
developed before to find frequently occurring patterns from
these surfaces. Finally, we used these patterns to classify
the proteins in the test data.

The pattern discovery algorithm proceeds in two phases
to search for patterns on the surfaces. In the first phase,
the algorithm decomposes the surfaces to substructures and
hashes the substructures to a three dimensional hash table.
Let 	 be a surface outputed by the surface extracting algo-
rithm. For any point� � 	, we consider� and its �-nearest
neighbors in 	 as a substructure and attach a local coordi-
nate system �� to � . We hash the node-triplets from the
substructure to a three dimensional hash table. The hash
bin address is determined by the lengths of the three edges

of the triangle formed by the triplet. The three edges are
sorted ascendantly on their lengths. The basic idea is that if
two triangles match each other the longest edge of a trian-
gle must match the longest edge of the other triangle. Like-
wise, the shortest edge of a triangle must match the short-
est edge of the other. Stored in the hash bin are a protein
identification number, a substructure number, and the local
coordinate system �� . By the end of the first phase, all sur-
faces are stored in the hash table. In the second phase, the
algorithm considers each substructure as a candidate pat-
tern and rehashes it to evaluate its number of occurrences in
the training data. In this phase, we again take each node-
triplet from the candidate pattern and utilize the lengths of
the sorted three edges to access the hash table. All the
triplets that were stored in the accessed hash bin are rec-
ognized as matches and their local coordinate systems ��
are recovered based on the global coordinate system that
defines the candidate pattern. The triplet matches are aug-
mented to larger substructure matches if they come from the
same substructure and their recovered local coordinate sys-
tems match each other. A candidate pattern � occurs on
the surface of a protein if� matches any substructure from
the surface within one mutation1.

For each candidate pattern, let 	� �� � �� �� 
� be its
occurrence numbers in the training data of family �. We ex-
clude those candidate patterns such that 	� � 	� � 	�. All
the other candidate patterns are collected as useful patterns.
Each pattern is associated with a weight ���� where

���� �
	�

��
�	�� 	�� 	��� �

We add a denominator to the weight because we ob-
served that some patterns are common to proteins from dif-
ferent families. Although they may still occur more fre-
quently in some family, they really are not specific to any
family.

When classifying a test protein  , we first find its
surface using the proposed surface extracting algorithm
and construct substructures as described above. Let
������ ! ! ! ��� be all the patterns found in the train-
ing data and ������ ���

�
�� ! ! ! � ���

�
� be their corresponding

weights for family �. Namely,

����� �
	��

��
�	��� 	��� 	���� �

where 	�� is the occurrence number of pattern �� �� �
�� �� ! ! ! � �� in the training data of family �. Family � obtains
a score

� � �

��

��� 
� � ���
�
���

��� ���
�
�

1A candidate pattern � matches a substructure � with � mutations if
by applying an arbitrary number of rotations and translations as well as �
node insert/delete operations to � , one can transform � to � (see [5, 6]
for details).



where


� �

�
� if�� occurs in  
� otherwise

The protein  is classified to the family � with maximum
� . We add the denominator to make the score fair to all
families. Notice that the maximum possible score for any
family is 1. This is necessary because the three families do
not have the same number of representatives in the training
data. Furthermore, the sizes of the proteins are very differ-
ent. If we can not decide a winner, then the “no-opinion”
verdict is given.

5. Experimental Results

We have implemented the surface extracting algorithm
using C++ on a Sun Ultra 10 workstation running So-
laris 8 operating system. We selected three families
of proteins from SCOP [2]. SCOP is accessible at
http://scop.mrc-lmb.cam.ac.uk/scop/. The
three families pertain to Transmembrane Helical Frag-
ments, Matrix Metalloproteases – catalytic domain, and Im-
munoglobulin – I set domains. In determining the structure
of a protein, we consider only the C
, C� and N atoms.
These atoms form the polypeptide chain backbone of a pro-
tein where the polypeptide chain is made up of residues
linked together by peptide bonds. We classified the proteins
as discussed in Section 4. When adjusting � in the sur-
face extracting algorithm, we found that � � �!� yielded
the best result. When constructing substructures (patterns),
we found the substructures with 6 points yielded the best
result. In each of these substructures, there was a surface
point together with its 5 nearest neighbors on the �-surface.
The algorithm produced a set of surface points that were on
average 25% of the size of a protein.

We use recall (�) and precision (�) to evaluate the ef-
fectiveness of our classification algorithm. Recall is defined
as

� �
� �

��

����
�

�
� ����

where � is the total number of test proteins and � � is the
number of test proteins that belong to family � but are not
assigned to family � by our algorithm (they are either as-
signed to family �, � 
� �, or they receive the “no-opinion”
verdict). Precision is defined as

� �
� �

��

����
�

� � �
� ����

where � is the number of test proteins that receive the “no-
opinion” verdict. With the 10-way cross validation scheme,
the average � over the ten tests was 93.7% and the average
� was 95.9%. It was found that 2.3% test proteins on aver-
age received the “no-opinion” verdict during the classifica-
tion. In our previous work [6], we also tried to classify three

families of proteins and the recall and precision dropped to
80%. The results reported here are much better.

6. Conclusions

We have given a formal definition of surface points of
a finite point set in �� and presented an algorithm for ex-
tracting such surface points. We applied this algorithm, to-
gether with previously developed algorithms for 3D pattern
discovery, to protein classification. In [4], we reported a
preliminary result of this research without discussing the
surface extracting algorithm. We also improve the classifi-
cation approach in this paper, thanks to the comments from
the reviewers. For our future work, we will conduct com-
prehensive experiments on more protein families to find in-
teresting patterns on their surfaces. We will also extend our
algorithm to applications in three dimensional visualization.
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